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Skyrmions as quasiparticles
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chiral (ferro-)magnets Seki et al., Science 336, 198 (2012)



Quantum-size limit
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Heinze et al, Nat. Phys. 7,713 (201 1) Romming et al,, Science 341, 636 (201 3)

Questions Which are the skyrmion quantum numbers! How Is the spectrum!?
How is the Magnus force manifested in this regime?



Semiclassical quantization: basic 1dea

Moutafis et al,, PRB 79, 224429 (2012)

7 Makhfudz et al, PRL 109, 217201 (2012)

4b : Micromagnetic simulations

4z 02 4 In confined geometries

The radius of cyclotron orbits caused by the lattice potential characterize the
extension of quantum fluctuation in the phase space of rigid skyrmions



Outline

» Landau-Lifshitz dynamics
» Semiclassical quantization of collective coordinates
» Skyrmion bands and Berry phases

» Wave-packet dynamics and thermal Hall effect



| andau-Lifshitz equation:
Hamiltonian formulation

At temperatures much lower than 1¢:

S (r) — 8 (r) X R (I‘) Free-energy

functional
s <

08

conjugate force: Reff = —

The LL eq can be recast as a Liouville equation of the form:

5(r) = {s(r),H} = / 1 {s x), 50 ()} 5si1?r'>

generated by the Poisson algebra: {sq (r),ss (r')} = €apy 54 (r) d (r — 1)




2 complementary perspectives

» Spin-hydrodynamics: kinematic constrain on the classical phase-space

» Coarse-graining from quantum operators defined on a lattice:

S (Rz) ~ <\Ijsc‘ Sz |\Ijsc> /Ac
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we recover the guantum spin dynamics

Ac



Symplectic reduction

Phase space N Symplectic manifold
n, Non-canonical system

' Bloch
sphere Canonical variables are (globally)

ll-defined for generic textures...

...but not for textures characterized

by an integer winding number: skyrmions

¢ = (¢, cos0)

L:/drA[C(r)]-C(r)—H:s/dra[n(r)]-h(r)—H

47 s— jumps Vn,a = —n (monopole field)

s = hS/A.

spin-path quantization



Skyrmion textures: collective coordinates

1

Q = E/drn-(f)’xnxc’?yn)

The number of times that the texture
sweeps the singular point is fixed by
the boundary conditions

The skyrmion position Is soft mode of the magnetization dynamics:

1
4mrsO

{X,Y}:



Linear momentum of rigid skyrmions

Canonical momentum: II = 47sO R X z — {Ri, Hj} — 5723‘

11 is the generator of rigid translations of the texture:

0s |R)

(I, s [R)} =~

The Magnus force Is a manifestation of the jumps In the functional-
generator of translations:

{Hf,;, H]} — Gij — 47TSQ E,,;j

gyrotropic tensor



Canonical guantization

: 2
{X,Y} — {X,Y} = ::Z(KN)
b2
sign (Q)
T4
Ac
Z,\[ N = N with N = 25 |Q]

Classical limit; Iy <K VA =5 — o

> X

The quantum cloud A* = m (€x)° is commensurate with the lattice



Truncation of the Hilbert space

M—0 hw.— o0

C skyrmion mass due to the
hybridization with gapped modes

Dimension of the Hilbert space:

- ";42)0_5 J&v/(w@ NCX*AC =N x N,

Lowest LL c # unit cells

1 : T
§Q/\HHLZ:IH(&T&+§

Aharonov-Bohm phase around the Dirac string

A semi-classical skyrmion is a coherent superposition of magnon-bound states



| attice Hamiltonian

The translation symmetry Is reduced to the group of lattice translations

Classically: V (R) = ZVG e'C I with Vg = /dr Heky (r) €&F
G

free-energy density
of the classical solution

G = 0 = £ = energy of the classical solution

€0
(R|G|)*/?

T

the Fourier harmonics decay algebraically with the skyrmion radius

G#O:>VGN



[ranslation operators

The translation operators form a ray group, like the magnetic translations:

117 (G N\ G/) A,

T(G)T (G') =[Exp |- e

TG+ G

N = 25 | Q| quantum fluxes per unit cel

The lattice translational symmetry of the Hamiltonian is preserved



von Neumann lattice and Bloch states

N = 3 13 Reciprocal space (Brillouin zones)
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Bloch states: simultaneous eigenstates of
~\N .
(T1) 15

provide a N — dim irrep of translations:

L :anmw
Spin lattice  von Neumann lattice Inm =€ ¥ (Tl) (Tz)




Skyrmion bands in the square lattice

Only first harmonics t

Q=1

S =3/2

Dirac points
for integer spins




Skyrmion bands in the square lattice

Including 2nd harmonics t’

Q=1

S =3/2

Gapped Dirac points




Berry curvature of the skyrmion banc

dk
2
BZ (27 1
( )/ N — dim matrix

Ul = (k,1),|k,2) ... |k,N)) (Harper equations)

Hamiltonian: H =

Berry phase: Vn(C) = / dk - A, (k)
C

A (k) = i(Yrn|Vi|[Px,n)

Berry connection

Gauge-invariant property: Berry curvature

Q,(k) =V x A,(k)



Example: 5=

Skyrmion bands Berry curvature

ky 2

Q=-1,t=-0.1¢

dk
Chern number: Ct = / — ny (k) = £1
Rz« 2T

periodic condrtions!



tdge states 5=/

reduced zone (after folding)

Edge-states wi: over-complete (non-orthogonal) set

Skyrmion edge-states are deformed and naturally hybridized with other modes



Example: 5=3//

Berry curvatures (s—80) / t

Highest and lowest

energy bands: C = Sign (Q) spectrum N a Strip

(after folding)
Remaining band: C' = —2sign (Q)



Skyrmion bands: general features

v

Umklapp processes open gaps at the BZ edges

v

The gaps are controlled by the size of the texture compared with
the lattice spacing, V' ~ (a/R)g/2

v

The bands become flatter as the spin quantum number increases

v

The Chern number of lowest/highest energy bands is C' = sign (Q)

v

The Berry curvature of the lowest energy bands become uniform:

A,
475 O

2y ~ for large S



Wave-packet dynamics

Equation of motion of a wp centered at (r, k) :

hk = F' «—— classical perturbation

1 Oeg, -
r = -, (R)z2 X K
h ok e (F)
anomalous velocity
. Lo . 1 85k . 1 1
Classical limit: Sh_)rrgo ok =0, S11_>H;O — Oy (B) = 5O

A7sOr X z = F

classical equation of motion



Local vs transport (divergence free) currents

Classically:

electric current
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Jonietz et al., Science 330, 1648 (2010)

dissipative + reactive (linear and
angular momentum transfer) forces

Semi-classically:

Magnon wavepacket

Edge current of magnon
Matsumoto & Murakami, PRL 106, 197202 (201 1)

wp self-rotation provided by the
orbrtal moment of skyrmion bands

_|_

persistent edge currents
(even at thermal equilibrium)



Thermal Hall effect
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[ake-nome messages

Quantum skyrmions are local excitations (coherent superposition of
magnon-bound states) with boson statistics (in an electrically
insulating film, 1.e., no coupling with fermions).

The spectrum Is arranged In N = 25 |Q| bands.

The bands are characterized by non-trivial Berry curvatures, the
quantum descendant of the Magnus force

Skyrmion wave-packets mimic the dynamics of classical textures.
When the skyrmion size 1s comparable to the lattice spacing, the Hall
response depends on the spin gquantum number.

DE-SCO012190



Wave functions and operator ordering™

v

In this imit, the Hilbert space is isomorphic to the space of analytic
functions of z = (x F iy)/fN (lowest LL of the monopole field)

v

The eigenfunctions are in |-to-| correspondence, but they are not
the same: >

n,.inb _QZT
U, (r) = (t|LL=0;n) —s — = "

7T7L!€N

v

Nevertheless, the normalization densities are properly related:
dz*dz

—2z%z \Ijn 2
"L s, (o)

d*r ¥, (r)°

v

Anti-normal order: positions (&) to the right

*Like In the QHE: Girvin & Jach, PRB 29,5617 (1984)



